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Ch ' Some solutions to the anomalies of ultra high energy cosmic-ray(UHECR) 

(2JT)' and TeV 7-rays require disturbed non-quadratic dispersion relations, which sug- 

gest the Lorentz violation. Also, some new theories such as quantum gravity, 
' ^ I string theory and the standard model extension imply the Lorentz violation. In 

this paper, we derive some transformation laws for the classical parameters of 
Qh< nonlinear field system, and then provide their dispersion relations. These dis- 

persion relations also have non-quadratic form but keep the Lorentz invariance. 

■ The analysis of this paper may be helpful for understanding the quantum theory 

■ and the plausible Lorentz violation. 
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1 Introduction 

Recently the "Lorentz violation" becomes a hot topic. This situation arises from both 
experimental and theoretical developments. One is the astronomical observation of the 
anomalies of ultra high energy cosmic-ray(UHECR) and the TeV 7-rays. The other 
is the implication of some new physics such as the extended gauge theory, quantum 
gravity and string theory. In observational aspect, the UHECR protons with energy 
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> 10 20 eV were observed [TJ [2J [3]. The energy of these protons are beyond the GZK cutoff 
5 x 10 19 eV, which was derived independently by GreisenjI] and Zatsepin , Kuzmin[5] 
shortly after the discovery of the cosmic microwave background radiation(CMBR). 
According to the particle theory, the cosmic-ray nucleons with sufficient energy will 
inelastic collide with photons of CMBR to produce baryons or pions as follows 

P + 7 (CMB)^A, P + 7 (CMB) -»■ p + Ntt, (1.1) 

so the nucleons with energies beyond the GZK limit cannot reach us from a source 
further than a few dozen Mpc. It should be mentioned that, this GZK limit and the 
physical process are well understood and measured in the laboratory [6]. 

Another similar paradox is the TeV 7-rays. Two photons with energy over 2m e c 2 
can produce an electron-positron pair 7 + 7 — > e~ + e + . Photons of 10 TeV are most 
sensitive to 30/im infrared photons, so a photon with enough energy propagating in the 
intergalactic space will interact with infrared background photons, and be exponentially 
suppressed. However the 10 TeV photons from Mkn501, a BL Lac objects at distance 
about 150Mpc[7J, E], could reach the Earth. 

To explain the above anomalies, numerous solutions have been proposed. Most of 
these solutions are related to slight violation of Lorentz invariance to get a shift of the 
thresholds of the energy. Glashow believe that the limit speed of a particle depends 
on its species and should be the eigenvalue of the velocity eigenstatesPj-fTB]. Then for 
particle P the dispersion relation becomes 

E 2 = p 2 c 2 P + m 2 P c%. (1.2) 

In [16], the authors suggested a non-quadratic dispersion relation for photons 

pV = £ 2 (l + /(£)), 5=J^0 (1.3) 

&QG 

where Eqg ~ 10 19 GeV is an energy scale caused by quantum gravity effect. Then the 
light speed is perturbed by E as 

f)E 

c= — &c(l + k6). (1.4) 
op 

This assumption causes the Lorentz violation and deformed special relativity, which is 
related to the K-Poincare superalgebra|17] . The Casimir of the K-Poincare superalgebra 
has a structure similar to (jl.3p . Nowadays, the deformed relativity or noncommutative 
geometry is greatly developed [T8]- [26]. 

In theoretical aspect [27 1 f28l [29] . the Standard Model Extension and quantum grav- 
ity suggest that Lorentz invariance may not be an exact symmetry. The possibility 
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Lorentz violation has been investigated in different quantum gravity models, including 
string theory [30| |3T]. warped brane worlds[32j, and loop quantum gravity [33]. These 
models adopt the Lagrangian like the following [31] 

£ = i> Qe^P 1 d, -M) V, (1-5) 
where i/j is Dirac spinor, e M a is the vierbein, and is the inverse, 

T a = 7 a - c^e va e V - f^ a - *V a 75 + • • • , (1.6) 
M = m + ^75 + a^ al a + V^ a7 a 75 + • • ■ . (1.7) 

The first right terms of (11.61) and (j 1 . Tl) correspond to the normal Lorentz invariant 
kinetic term and mass for the Dirac spinor. But the other coefficients are Lorentz 
violating coefficients arising from nonzero vacuum expectation values of the coupling 
tensor fields, which seem to be introduced quite arbitrarily. 

In contrast with the above theories of Lorentz violation, the torsion theory is the 
most natural one in logic EE] , which is derived from the fact that the connection 
can compatibly introduce an antisymmetric part, namely, the torsion. 

f^ = r^ + T Q % (i.8) 

where T^p is the Christoffel symbol, and = —Tp a is the torsion of the spacetime. 
Different from all matter fields like electromagnetic field, torsion is a geometrical inter- 
action similar to gravity, which uniformly interacts with all matter in an accumulating 
manner. So to test torsion, it seems more effective to measure the movement of heaven 
body rather than atoms. 

However, in contrast with the natural essence and deep philosophical meanings 
of the Lorentz invariance, the violation theories seem to be somehow artificial|37j. 
Some experiments have been elaborated to test the Lorentz violation, but all results 
gave negative answers in high accuracy [2], so one should take a little conservative 
attitude towards the Lorentz violation. Then how to explain the threshold anomalies of 
UHECR and TeV 7-rays? Here we present another scenario based on the nonlinear field 
theory, which also provides non-quadratic mass-energy relations or dispersion relations 
similar to (11.31) . but strictly keeps the Lorentz invariance |45 [ US] W7\ . In what follows we 
examine the local Lorentz transformation for some classical parameters defined from 
nonlinear fields and establish their relations. 
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2 Local Lorentz transformation and non-quadratic 
dispersion relation 



2.1 Local Lorentz transformation for classical parameters 

Taking the Minkowski metric as r)^ = diag[l, —1, —1, —1], we consider the field systems 
of nonlinear spinor ip and scalar <ft. For the nonlinear spinor ip, the dynamic equation 
is given by [48] -[52] 

a^Md,, - eA^ = {p,- F')>yiJ>, (2.1) 
where the 4x4 Hermitian matrices are defined by 





with Pauli matrices 

'-«*-{(: 'K M ",))■ 

F = F(^) is a positive function of the quadratic scalar 7 = ip +r )ip. 
For scalar field 0(2^), the dynamic equation is given by 

d^dy = K(f>, (2.4) 

where K = K(\<p\ 2 , 9 A1 + 9 /i 0) is a smooth real function. 

For both spinor ip and scalar <p, the current conservation law holds due to the gauge 
invariance of their dynamic equations, 

d„ff = 0, (2.5) 
where the current is defined respectively by 

ib + a ,1 ib for spinor, 

ff=l** 1 (2.6) 

I iK ( 3((fi + d IJ '(j)) for scalar. 

k is a normalizing constant. By (12. 5p we have the normalizing condition 

1. (2.7) 



/ p°d 3 x 
Jr 3 



For the nonlinear equations (12.11) and (12.41) . their solutions have particle- wave 
duality [H]- [52]. In [161 H7J [531 El], the local Lorentz transformations were widely 
used for the classical parameters without proof. Here we set the transformations on 
a solid base at first, and then derive the non-quadratic dispersion relations for some 
cases. The conditions for these results are helpful to understand the relation between 
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classical mechanics and quantum theory. To clarify the status of the field system, we 
defined 

Definition 1 For the field system ip or <ft, we define the central coordinate X 
and drifting speed v respectively by 

X(t) = f R3 xp°d 3 x : v = jX, (2.8) 

where t = x°. The coordinate system with central coordinate X = is called the 
central coordinate system of the field. 

Definition 2 If a field is a localized wave pack drifting smoothly without emitting 
and absorbing energy quantum, that is, it is at the energy eigenstate in its central 
coordinate system, we call it at the particle state. Otherwise, the field is in the 
process of exchanging energy quantum with its environment, we call it in the quantum 
process. 

By the current conservation law (12. 5p . we have 

v = I xd p°d 3 x = - [ xV- pd 3 x = [ pd 3 x. (2.9) 

JR3 JR3 Jr3 

For the field at particle state with mean radius much less than the characteristic length 
of its environment, by (12.81) and (12. 9p we have the classical approximation 

p^ -> u»VT^5(x - X), (2.10) 

where 

V 1 — v 

(12.101) is the precondition for validity of classical mechanics |461 Wf[ 153] . For such system 
at particle state, we can clearly define the classical parameters such as "momentum", 
"energy" and "mass" , and derive the classical mechanics. From [J6l H7] , we learn that 
a system at particle state can be described by classical mechanics in high accuracy, 
whereas for the system in the quantum process, we must describe it by quantum theory 
or by the original equation (12.11) or (12. 4p . The quantum process is an unstable state, 
which is usually completed in a very short time. 

In what follows, we examine the local Lorentz transformation for the classical pa- 
rameters. Since the rotation transformation is trivial, we only consider the boost one. 
For the case of flat spacetime, assume x M is the Cartesian coordinate. Consider the 
central coordinate system of the field with coordinate X^, which moves along x 1 at 
speed v with X k (k ^ 0) parallel to x k , and X k = corresponds to the central coordi- 
nate of the field X k (t). Then the Lorentz transformation between x M and X^ 1 in the 
form of matrix is given by 

x = L(v)X, X = L(v)~ 1 x = L(-v)x (2.12) 
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where x = (t, x\x 2 , x 3 ) T , X = (X°, X\ X 2 , X 3 ) T and 



L(v) = diag 



1,1 



(Z/J. (2.13) 



Assume S, P M and T^ u are any scalar, vector and tensor defined by the real functions 
of or if) and their derivatives, such as S = \<ft\ 2 , T^ v = ^t(if> + a fl d u if)). For the field 
at particle state, all these functions are independent of proper time X°. Thus in the 
central coordinate system, the spatial integrals of these functions define the proper 
classical parameters of the field, and these proper parameters are all constants. Their 
Lorentz transformation laws are given by 

Theorem 1 For a field system at particle state, the integrals of covariant functions 
S, P M and T^ v satisfy the following instantaneous Lorentz transformation laws under 
the boost transformation $2.1£\) between x^ and X^ at dt = 0, 



J = / S(x)d 3 x = VT^L (2.14) 



R 3 



I" = / P»(x)d 3 x = VT^L^F. (2.15) 



R 3 



I*™ = J^T^(x)d 3 x = VT^ 2 L» a L^I a(3 . (2.16) 
Where 1, J* 1 , are the proper parameters defined in the central system 

1=1 S(X)d 3 X, P= f P^d 3 X, P v = [ T^d 3 X. (2.17) 

JR 3 JR 3 JR 3 

Proof We take (I2.15P as example to show the relations. For the field at the particle 
state, by the transformation law of vector, we have 

P"(x) = L» V P V {X) = L^P"(X\ X 2 , X 3 ) = P^Xix 1 - vt),x 2 , x 3 ). (2.18) 

So the integral can be calculated as follows 

I" = [ P^x)d 3 x\ dt=0 

JR 3 

= [ P^i^x 1 - vt), x 2 , x 3 )Vl - v 2 d(i(x l - vt))dx 2 dx 3 (2.19) 

= f L^P v {x)VT^Pd 3 x = VT^L^r. 

J R 3 

The proof is finished. 

Remarks 1 The Lorentz transformation laws \2.1J$ , $2.15\) and $2.16}) are valid 
for the varying speed v(t), because the integrals are only related to the simultaneous 
condition dx° = dt = 0, and the relations only related to algebraic calculations. 

Remarks 2 When the field is not at the particle state, the covariant integrands 
will depend on the proper time X°, then the calculation \2.19\) can not pass through, 
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and the relations \2.14\)-$2.1b}) are usually invalid, except the integrand satisfies some 



conservation law similar to Ii2.5\) . 

In some text books, the relations (I2.14p - fl2.16l) are directly derived via Lorentz 
transformation of the integrands and volume element relation 



d 3 x = sjl - v 2 d 3 X. (2.20) 

As mentioned by remark 2, the calculation will provides wrong result if the field is not 
at the particle state, because (I2.20p is just spatial volume, it suffers from the problem 
of simultaneity. 

Usually, the proper parameters have very simple form. For any true vector, it 
always takes 1^ = (7°, 0, 0, 0), then 



F = VT^/V. (2.21) 
For some cases of tensor J Ml/ , it can be expressed as 



1^ = v^3^2 (KvPu v + Jr/H > (2-22) 



where K, J are constants. 

In the curved spacetime with orthogonal time coordinate, if the radius of curvature 
in the neighborhood of the center of the field is much larger than the mean radius of the 
field, the above calculations and relations can be parallel transformed into the curved 
spacetime. In this case, let X^ be the central Cartesian coordinate of the tangent 
spacetime at the center of the field. is an inertial coordinate system in the tangent 
spacetime fixed with the curved spacetime. instantaneously moves along X 1 at 
speed v. Then it is easy to check the local Lorentz transformation laws (I2.14|) . (12.151) 
and (12.161) also hold, as long as the field is at the particle state. 

2.2 Non-quadratic dispersion relation for spinor 

For the dark spinor, e = in (12. ip . From [l6j H7], we get the momentum and mass- 
energy relation of the spinor as follows 

= ^ + Mn-^L=j/, (2.23) 
E = -^L= + W ( ^=I=ln^=i== + y/T=tf) , (2.24) 



V 



where W -C m Q is the proper energy provided by the nonlinear potential. The mass- 
energy relation or dispersion relation in the usual form is given by 

E - Wy/1 - v 2 ) 2 = p 2 + ( m + Whi . 1 \ . (2.25) 
7 \ vl — v 2 J 
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iiiiciiiuii we iicivt; 

1 — 10 _n , for n > 1 we have 



Referring to electron, by estimation we have — ~ 10 6 . For a spinor moving at speed 

77lQ 



In « 1.15n - 0.35. (2.26) 
Vl - f 2 

The Lagrangian of the particle becomes 

L = - ( (m + W) + Win 1 I Jg^xW, (2.27) 

where = 4^. So the nonlinear term leads to a tiny departure from the geodesic. 

For a spinor with interaction like electromagnetic field, the mass-energy relation of 
the particle will be much complicated. More generally, we consider the system with 
following Lagrangian [TF] 

C= t+afiidp-eA^-w + FW-sjG 

-\K(d^A u d»A" - a 2 ApA») - iMdpGdoG - b 2 G 2 ), 

where A^ and G are potentials produced by ip itself, k = ±1 and A = ±1 stand for 
the repulsive or attractive self interaction. Then the 4-dimensional momentum and 
energy E of the system at particle state are respectively defined by 



JR? 



E = [ [Y / J^d t f-c)d 3 x = p° + E F + E A + E c 
Jut d{d t f) ] 



where the classical parameters are given by 



p» = I m + sW^G + W F ln - 1 = I u" 

V 1 — v 2 



E F = WpVT^v 2 , 

1 ( v 2 \ v 2 

E A = W A 
E G = W G 



v 2 \ 




+ w a 


3 ; 




-w b 



3/ WT-v 



v 2 

2 



in which the proper parameters are calculated by 

W F = [ (F'*f - F)d 3 x > 0, W 7 = / *fd 3 x, 

2 —ar 

w A = ^ f —(\^\ 2 \m\ 2 +m-m)<?xd% 



in J r 
\s 2 r e' br 



W G = q / 7(x)7(y)« d y, 

87T j_rs r 



2 / -br- \ 2 



s 



2.29) 
2.30) 

2.31) 
2.32) 
2.33) 

2.34) 

2.35) 
2.36) 
2.37) 
2.38) 

2.39) 



and r = \x — y\. By ( I2.30p - (l2.34p we get the dispersion relation as follows 

(E — Ef — Ea — E G ) 2 =p 2 +(m + sW^G + W F \n-j=L=\ . (2.40) 

By ( I2.25P and (I2.40p . we find that the interaction term can result in very complicated 
dispersion relation. How to use these relation to explain the threshold paradoxes of the 
high energy comic rays is involved in the interpretation of parameters, which will be 
discussed elsewhere. By the way, the scalar interaction may be absent in the nature, 
because it manifestly appears in proper mass of feimions, see (I2.3ip and (I2.40p . 



3 Discussion and conclusion 

From the above analysis, we find that nonlinear field theories do include the non- 
quadratic dispersion relation such as (I2.25P and (I2.40p . So the explanation for threshold 
paradoxes of UHECR and TeV 7-rays by dispersion relation does not definitely require 
Lorentz violation. It should be mentioned that, all interactions are actually related to 
nonlinearity, for instance, the charge density of the electromagnetic interaction ifj+a^x/) 
is nonlinear, which contributes proper energy Wa for the particle as described by (I2.36p . 
This part of energy satisfy the energy-speed relation (I2.33p . 

By (I2.31l) -( !2.34p . we learn different interaction term leads to different energy-speed 
relation. So the experiments towards such relations should bring us important in- 
formation from each interaction, and the high energy cosmic rays may be the useful 
materials. On the other hand, the disturbance of nonlinear effect may influence our 
astronomical observation. For the movement of a heaven body, by (12.271) . we learn 
that the order of the relative deviation from geodesic is Err = ^4-, where W is the 
energy contribution of all interactions, m is the usual mass. The typical values for a 
proton are W ~ lMeV and m p ~ 10 3 MeV, so we have — ~ 10~ 3 . In a galaxy, the 
typical speed of heaven bodies relative to the CMB is 300km/s[55j, so we have the 
typical nonlinear deviation for galactic system Err\ ga i axy ~ 1CT 9 . In the solar system, 
the typical speed of the planets is about v ~ 30km/s, so we have the typical nonlinear 
deviation for solar system Err\ p i anet ~ 10~ n . Thus, before the nonlinear effects are 
clearly worked out, an astronomical measurement with relative error less than Err is 
difficult. The precession of the perihelion of Mercury is 43 seconds of arc per century 
43/(100 x 360 x 3600) ~ 3.3 x 10~ 7 , so the nonlinear effects have not influence on this 
result. 

Lorentz invariance includes two fold meanings: One is the covariance of the uni- 
versal physical laws, which is a problem of philosophy. The other is property of the 
spacetime, namely the measurement of line element. Whether the spacetime manifold 
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is measurable is also a philosophical problem, but how to measure the distances is a 
problem of geometry. The philosophical problem involves the most fundamental and 
universal postulates which could only be acceptable as faith, because we can neither 
test all particles whether they satisfy the covariant equation everywhere and every 
time, nor can we check whether all parts of the spacetime are measurable, including 
the singularity inside a black hole and each points at a line of Planck length. Even 
though the Lorentz violation theories can not manifestly violate the covariance, see 
the forms of fll.5p - fll.7p as example. One may argue the thermodynamics is not covari- 
ant, the answer is that it is just a conditional theory but not a universal one, thus to 
abuse its concepts and laws, such as entropy and the second law, without restriction is 
inadequate and leads to confusion. 

We once measured the spacetime with rule ds t = \dt\,ds1 = dx 2 + dy 2 + dz 2 
and solved infinite practical problems. Today we measure the universe with ds 2 = 
g^dx^dx" then we achieved beauty and harmony. There are infinite rules to measure 
length consistently, but only the spacetime with rule of quadratic form has wonderful 
properties and potential. If accepting the quadratic rule, the local Lorentz invariance 
certainly holds for the spacetime. 

There are also fields satisfy the covariance but violate the Lorentz invariance. Their 
Lagrangian always includes term as follows [27] 

c LV = (<T + + + a ^) d ^ + ■■■■ 

For such fields, the propagating speed is not pure geometrical, which depends on fields 
r^ v and a M . Similar to the case of Navier-Stockes equation in fluid mechanics, the 
nonlinearity is much worse than that of f)2.28p . Although for adequately small value 
r^ v and a M , the solutions to the dynamical equation will also be finite, but the world 
including such fields will become a mess, because each atom of the same element have 
different spectrum depending on coordinates, crystal lattices are distorted, the solar 
system has turbulence and chaos, and the double-helix of DNA has disordered knots. 
So 'the coefficients of the highest order derivatives in the Lagrangian must 
be constants' should be a fundamental postulate. This postulate is related to the 
quaternion structure of the world, only of such excellent structure the world becomes 
so luxuriant but so harmonious. In percipience of such opinion, the modification of 
general relativity with terms 4>R, f(R) is also doubtful. 

Some confusions in physics are caused by ambiguous concepts or circular relations [23 
[57j . For example, to the relation between classical mechanics (CM) and quantum me- 
chanics(QM), the common answer must be that: "transform the classical parameters, 
Hamiltonian and the energy equation of CM into operators, we get QM. Contrarily, 
the limit of QM as % -> provides CM." 
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At first, by the answer, it seems that both CM and QM are equivalent theories 
in logic. In fact they are different theory suitable for different status of a system. 
The basic concepts such as 'coordinate', 'momentum' have different meanings in each 
mechanics, although they have close relations. The uncertainty relation is the typical 
plausible laws making puzzles and paradoxes [561 [57] . Clearly they should be unified 
in a higher level theory [151 B6| |50| [52] . secondly, h is a universal constant acting as a 
unit to measure other physical parameters, we have not a concept % — * 0? Whether 
a physical system should be described by CM or QM is obviously not determined by 
external conditions such as h — > and CM or QM, but determined by the status of 
the system itself. This is the meaning of the Definition 2. 

Spacetime and fields are different components of the world. They paly different roles 
with different characteristics, and satisfy completely different postulates and measure- 
ment rules. So it is hard to understand the motivation of the quantum gravity. Why 
we should modify a well defined and graceful theory, without any definite violation of 
experiments, by an ambiguous and incomplete theory? Why not modify the quantum 
field theory by general relativity? The mission of a physical theory is to find out the 
intrinsic truth and beauty and harmony of the nature. But at its best, besides some 
ill defined concepts as foam, wormhole, Lorentz violation, what can quantum gravity 
actually provide us? 

In the spinor theory of general relativity context, there exists the pseudo- violation 
of Lorentz invariance|58[ 155] . which is caused by the derivatives of the vierbein or local 
frame. The vierbein is defined in the tangent spacetime of a fixed point in spacetime 
manifold, and the Lorentz transformation is just an algebraic operation in this fixed 
tangent spacetime. Whereas the derivatives of the vierbein must involve the tangent 
spacetimes of different points in some sense, so it violates the local Lorentz invariance. 
In strict sense, the equivalence principle only holds for the linear tensors, where the in- 
fluences of vierbein and nonlinear fields are absent. However, the fundamental dynamic 
equations of the field system should be intrinsically Lorentz invariant. 
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